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This paper  takes the form of a review including some original contributions. 
Analytic higher energy derivative expressions for configuration interaction 
(C!) wavefunctions have been used to obtain the corresponding energy deriva- 
tive formulae for multi-configuration self-consistent-field (MCSCF),  general 
open-shell and closed-shell restricted Har t ree-Fock (RHF) wavefunctions by 
explicitly imposing the variational and orthonormality conditions on the 
molecular orbital (MO) space. The general structure of the reduction pro- 
cedure used here is thus 

CI ~ M C S C F ~  General RHF-~ Closed-shell HF. 

The equations expressing the correspondence among correlated and RHF 
wavefunctions have been presented to interrelate various conditions and 
definitions involved in the energy derivative expressions. Practical formulae 
for the energy derivatives of  the above mentioned wavefunctions up to fourth 
order are explicitly given. 
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1. Introduction 

The energy derivative expressions for a configuration interaction (CI) wavefunc- 
tion shown in the preceding paper  [1] are general formulae in the sense that 
there are no restrictions involved therein except the variational condition on the 
CI space. We may take advantage of this fact to obtain expressions for energy 
derivatives in the general framework of self-consistent-field (SCF) molecular 
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orbital (MO) theory. A fruitful avenue to reliable wavefunctions is the multi- 
configuration self-consistent-field (MCSCF) method [2, 3] in which the CI and 
MO coefficients are simultaneously optimized by the variational principle. Recent 
advances in the quadratically convergent MCSCF and complete active space SCF 
(CASSCF) methods have made it possible to obtain MCSCF wavefunctions in 
a more efficient manner [4-24]. 

The format for this paper is primarily that of a review, but also presenting some 
new insights concerning the structure of analytic energy derivative expressions. 
Here we present a formalism for MCSCF energy derivatives by taking into account 
the correspondence with the more general CI formalism. We also show that 
derivative expressions for the MCSCF energy may be easily simplified to obtain 
energy derivatives for the restricted Hartree-Fock (RHF) wavefunction. 

In the following section the derivative results for the CI wavefunction in the 
previous paper [1] are briefly reviewed. The electronic energy expression and the 
variational condition for the CI wavefunction are first described. Second, several 
variables and matrices involved in the higher energy derivative formulae are 
explicitly defined. Then the energy derivative expressions for the CI wavefunction 
from first to fourth order are given in a manner symmetric with respect to the 
differential variables. Also shown are unambiguous expressions for the first, 
second and third derivative CI Hamiltonian matrices. 

In Sect. 3 the derivative expressions for the orthonormality condition on the 
molecular orbitals within the SCF formalism are carefully examined. The aug- 
mented S matrices, 5 r are introduced to explicitly show linear relationships 
among elements of the U matrices, which are related to the derivatives of the 
MO coefficients. 

The variational condition on the MO space and the derivative forms of the 
orthonormality condition are explicitly included to yield energy derivative 
expressions for the MCSCF wavefunction from the more general CI formalism 
in Sect. 4. It will be demonstrated that the introduction of these two (variational 
and orthonormality) conditions greatly simplifies the derivative formulae for the 
MCSCF wavefunction and substantially reduces the amount of work involved 
in the practical applications. 

Starting from equations suitable to the MCSCF formalism, energy derivative 
expressions for the general open-shell SCF wavefunction will be pursued in Sect. 
5. For one configuration SCF wavefunctions the terms involve the CI coefficients 
and their derivatives may of course be dropped. Furthermore the diagonality of 
the one-electron and two-electron reduced density matrices significantly simplifies 
the entire formalism involved in the higher energy derivatives for general open- 
shell wavefunctions. 

In Sect. 6 energy derivative expressions for the simplest and most frequently used 
case, the closed-shell SCF wavefunction, will be derived to show the effectiveness 
of the correspondence manipulation. There the one- and two-electron density 
matrices have elements with constant values, and consequently the energy deriva- 
tive formulae become even simpler. The reformulation of energy derivative 
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expressions from both the MCSCF and the open-shell SCF formalisms will be 
presented. 

2. Review of  energy derivatives based on the CI formalism 

Let us briefly review the CI energy derivative expressions before we discuss the 
correspondence among MCSCF, RHF and CI formalisms. 

2.1. Wavefunction, electronic energy, and the variational condition [25] 

The CI (or MCSCF wavefunction), ~ ,  is constructed as a linear combination of 
electronic configurations Oi 

1~) = 5~ G [Oi). (2.1) 
I 

The electronic energy of the system may be expressed in terms of a configuration 
basis, or molecular orbital (MO) basis, or atomic orbital (AO) basis, 

E = Y, GCjHL~ (2.2) 
/J  

= E 'Yijhij "b E Fvk,(ij[kl) ( 2 . 3 )  
ij ijkl 

= Z E (2.4) 
p,p ~vpo" 

We assume that the indices using capital letters I, J denote the electronic configur- 
ations, the roman letters i, j, k, l the MO's, and the greek letters the AO's. The 
Hamiltonian matrix elements H u  may be defined using the coupling constants, 

/,I / J  
F ijkl, Y0 and and MO integrals, h;j and ( i j lk l ) ,  

HH----(~IIHI~,)----Y IJ 13 .. yq hq+ Y. I',jk,(v [kl). (2.5) 
ij ijkt 

The relations between integrals and density matrices, y and F, in the AO and 
MO basis are as follows, 

i j hij = Y. C ,, C ~h,.~, 
Ixv 

( i j l k l )=  2 ' j k l C ~, C ~C pC~(txv[po'), 
l~vpo" 

J 

0 

F lxvp o- 

where the 
defined by 

'Yij = E C I C j ' y ~  
iJ 

and 

F ijkl = ~ IJ CICjF ,jk~. 
IJ 

The variational condition on the CI space is given by 

E ( H I ,  - a I j E ) C j  = O. 
J 

(2.6) 

(2.7) 

(2.8) 

j k l Y~ Ci~C~CoCo-F,jkU (2.9) 
ijkl 

one- and two-electron (reduced) density matrix elements [26] are 

(2.10) 

(2.11) 

(2.12) 
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2.2. The Lagrangian,  Y and  Z matrices and  their derivatives 

The Lagrangian matrix X [2, 27] and the derivative Lagrangian matrices are 
defined as 

Sire = ~ Tmjhij +2  ~ Fmjk~(ijlkl), (2.13) 
j jkl 

X , ~  =• ymjh~ +2  E Fmjk,(i j[kl)  '~, (2.14) 
j jkl 

Xia~ = E Y,.jh~ b + 2 E Fmjk,(i j[kl)  ~ (2.15) 
j jkl 

XO~C ~obc + 2 "~ k l )  abc. ,,,, = ~ ymjnij 2.. F,,,jkl( ij] (2.16) 
j jkl 

The matrix Y [28] which relates to the second order variation of.the CI energy 
with respect to the MO's and the derivative Y matrices are expressed as follows 

Yimjn = "Ymnhij + 2 Y. {F r,,,k~(ij[kl) + 2F mknl(ikljl)},  (2.17) 
kl 

Y~,~j, = ym,h~ + 2 Y~ {Fm,kt(Olkl)  ~ + 2F, ,k ,~( ik l j l )"} ,  (2.18) 
kl 

y~,,j,~b = y,,,n~ab + 2 2., { F m n k l ( i j l k l ) a b  + 2 F m k . t ( i k l j l ) a b }  �9 (2.19) 
kl 

Furthermore, it is convenient to define the matrix Z and its derivatives for later 
use, 

Z ir~j, ko = 4 2 {F m,,ot(ij[ kl) + F,~o,,( ik [ j l )  + F mlno( il ] j k  ) ) ,  (2.20) 
I 

Z,~,o,,ko = 4 2 {F mnot(ijlkl) a + F mo,a(ikljl)  a + F,,a,,o(il[jk)" }. (2.21) 

The transformed one- and two-electron derivative integrals in the MO basis 
appearing in these equations are given by 

h u = Y, C ~ C  , (2.22) 
p.v 

2 h 
h~ b = ~. C ~ cJ  0~'~*~ (2.23) 

~ -- ~ ~ Oa Ob ' 

h abc _ i j OS h~ ~, 
~ j  - 2 (2.24) C , C ~  

u~ Oa ob Oc 

h~j bcd= Z i j 04hl~ ,, C.C. (2.25) 
~.~ Oa ob Oc Od ' 

(/JIM) ~  2 C ; c ~ c k c ~  O(l~vlptr) , (2.26) 
~vpo- Oa 

( i j l k l )  ~b E ~ '  ~3 ~ k ~ ,  02(~_(vl2 ~ (2.27) 
= . ~ p , ,  C . t . ~ c p c r  Oa Ob ' 

g?' (TJ t'?k(7 ' 03(tXVIP~ (2.28) ( i j l k l )  abc= 2 ~ . ~ , ' ~ o - - , ~  
,~o,, Oa ob Oc ' 

= C j (-Tkt'~ 1 04(l&l/]flor--'----) (2.29) ( ilkt) 2 d 
I~ppo- 
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2.3. The U matrices 

Finally, we introduce the U matrices [29] (which express the changes in the 
molecular orbitals with respect to nuclear displacements) for future use. They 
are related to the derivatives of the MO coefficients as 

OC2= y. U~.C'~, (2.3.0) 
aa m 
2 i 

0 C .  = ~  l r~bc, .  (2.31.) 

~ C ~ - 2  ~ m ,  ~ ~ , - -  IT~b~c" (2.32) 
Oa ob Oc m 

4 i 0 C ,  lf~b~d c "  (2.33) 
Oa ob Oc Od 

2.4. First derivative 

The first derivative of CI energy [27, 28, 30, 31] is given by 

O E =  E C ; C j  
OHIj 

Oa u Oa 

= Z  Y,3h~ + }] F,3k;(ijlkl) a+2 Z U,"mX, m. 
ij ijkl irn 

(2.34) 

(2.35) 

2.5. Second derivative 

The second derivative [32, 33] includes not only the derivatives of molecular 
orbitals but also the derivative of CI coefficients as follows. 

EaC, O2 E ~ ~ O ;j 
Oa Ob = ~ - -  (Htj - 8;jE) (2.36) lj C)C) Oa Ob - Z ;10a Ob 

where the first term in Eq. (2.36) may be expressed in the MO basis as 

; C I G - - - - -  yqh~b+ • r,jk;(/jlkl)"b+2Z ~b 
"" ijkl im 

+ 2 E ( Ui,~X,,~a b + U~mXTm) + 2 2 Z U,~ Ub, r~,,~,. (2.37) 
im im jn 

2.6. Third derivative 

The third derivative of  the CI energy may be written in the configuration descrip- 
tion as 

3 H o3E ,'~ r~ O~H~ 

Oa Ob Oc - ;  I 'I"- 'J o a  ob Oc 

(ocj o2ni, / c j  o2H. oc. 
'}-2~lCI~\--~a ObOc Ob OcOa ~c ~ a - ~ /  
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[ OE) o C I  8 C j [ O H u  OE\ 
+ 2 ~ L 0 a  Ob \ Oe 

+ a G o G / o H ,  O E \ q  

Oc O----a t--~--6"~--~-)J (2.38) 

where the first term may be explicitly given as 

r, ~ -Oa-~ Oe-O3HIj Yijn U "k- ~ Fijkl(ijlkl)abc"k 2 ~, U~bmcxim 
IJ ij ijkl im 

( u a b ~ ( [ c ]  l f b c  ~([a] q- /]'ca y!b])  
+2 Y.. ~ . . . . . .  + ~im''im - -  --lrn--lrn ! 

im 

i r a  ~ b c  -I- U b y e a  _~ l f ~  ~ a b )  

im 

+ 2 E  
im 
Y. (U,,.U~.Y~j.+a u bu)~y.,,i.+. U.~ U~.Yi,.,j.) " ~ 
jn 

+2 ~ E 2 u,a.,ub.u~oz,,.j.ko �9 (2.39) 
im jn ko 

the modified Lagrangian first derivative matrices X [a] by Here, we defined 
combining the Lagrangian derivative (2.14) and Y matrix (2.17) as 

X[~ ] = X,~ + Y~ U]. Y,,.j.. (2.40) 
jn 

The last term including the matrix Z in Eq. (2.39) may be expressed as 

2 }~ 2 2 U~ U~. UCkoZimjnko 
im jn ko 

a b c b c a c a =8EEE(u,muj.U o+ u,..u'j. E U,.,Uj. Uko+ ubo) Fm.o,(ijlkl ). (2.41) 
im jn ko l 

2. 7. Fourth derivative 

The fourth energy derivative for the CI wavefunction is given by 

04E 
Oa ob Oc od 

= (OCs 03Hu OCs 03H, s 
; CtCJoa 04HuOb ocOd t-2~ CZ~kOa Ot)-~c-~-~ Ob acodo~a 

+OCy 03HIj +OCy 03HIj 
Oc od Oa ob Od OaO-boc/ 

[ o C I o C j ( o 2 H I j  ~ 0 2 E ~ . ~ _ a C l O C j ( O 2 n l j  0 2 E ~  

+ 2 ~ L ~ a  --ob--\o~0-d- "~-~-d) Oa Oc \ O-b-~- 6U O-~ ) 

+ac, ac { a n. 

oC, oG{oZH, j ~ o2E '~+oGoG[o2Hu _ O2E\ "] 
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- 2 ~ \ O a O b  ~ ( H u - 3 u E ) .  (2.42) Oa Oe Ob Od Oa Od O-b-~e 

The first term including the fourth derivative of Hamiltonian matrix elements 
may be expressed as follows 

04 H I j  

X~ C I C J  o a  O b  O c  Od 

= ~ ,_abed_ k l )  abcd l f a b c d ~  �9 , : o  ~ Z r~k,(/jl + 2  ~ --,m -.,,. 
ij ijkl im 

( l ] ' a b c j (  [d] -t- l fbcd~"X [a] 4-- T ] ' c d a y [ .  b] -I- [ f d a b y [ c ] ]  

im 

~ f a d  ~ [ b c ]  _~_ ~ fbc  ~([ad]  ( I f  a b e (  [cd] -~- l f a e ~ ( [  bd] -J- ~ i m . ~ i r n  - -  ~ i r n . ~ i m  
im 

f f b d T l ( [ a c ]  -'l- [ T  ed ~ - [ a b J ]  
"4- ~ im . ~ im - -  ~ im- ~ im : 

+ 2  2 Y. ( c~2 u;~ + u ~  u~.~ + vT,~. u~:) Y..j. 
im jn  

"~ 2 ~ ( . . . . .  im - -  ~ i t n ' - i m  - -  ~ i m - - i r n  - -  ~ , m - - , m  : 
im 

+2EE(U,,~U~VC.. +rr~ ~ ~,d a a - - , m j n  - -  ~ i m  U j n  Yimjn -F Uim U:n Yimj.bc 
im jn  

b c ad b d ae e + u,m u). uJ. a~ Yi,,,:.) Ui , .  U ) .  Y im: .  + Uim Y i m j n  + 

+222~(U,mU b. ~ d , r  b ,r~ rr  a ~'~ a g k o Z i m j n k o  -4y L / i m  "-"jn I J k o L ' i m j n k o  
im jn  ko 

+ Ui~U]n a b c U k o Z i m j n k o  ..~ U :  m a b c U). U koZ ,.j.ko) 

+ 8 Y E Y ~ Y . (  ~ ~ c ~ ~ ~ U..  U),, Uko U~p + U..  U). U~o U~p 
im jn  ko Ip 

+ U,~ U~. U~o Ug)F,. .op(ij lkl)  (2.43) 
where the modified Lagrangian second derivative matrices are defined by 

x [ a b ]  = ~ r a b  ..~ ~ a b b a a b 
i.~ ( + . . , , ,  , ~  U'j,,Y,,~2. U;.Y,..j .)+E E U;n UkoZimjnko. (2.44) 

jn  jn  ko 

2.8. The derivatives of  the CI Hamiltonian matrix elements 

In this subsection the derivatives of the CI Hamiltonian matrix appearing in 
preceding subsections are explicitly defined. We first introduce the "skeleton" 
derivative Hamiltonian matrices 

H t : =  ~ u.a_ u .. '~ To n o t  • F~jk,('jlkl) a (2.45) 
ij ijkl 

H T b  = ~ IJ . ab - -  IJ . .  
Y ij n o -1- 2 F i jkt(  V [ k i )  ~b (2.46) 

o Ok! 

H a b ~  l S . a b c - -  1-I .. k l ) a b c  ,: = ~ Yq n o ~- Y, F~jkt(tJ] (2.47) 
q (ikt 
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and the "ba re"  Lagrangian matrix [28], X tJ, and its derivatives, 

X ~ = Z  ~ ,~ .. ymjho + 2 ~ r~.~k,(V I kl) 
j jkt 

I I I  a _ _ ~  IJ ~ a - - , ~  IJ .. im - - .  'gr,,jno-t-z ~ Fmjm(v[kl)  ~ 
j jkl  

X i j a b  IJ ~t ab + ~ ~ IJ .. in, = 2  ymjnq z 2_. Fmjkt(Vlkl) ab. 
j jkl  

(2.48) 

(2.49) 

(2.50) 

Similarly, we also define the " b a r e "  Y matrix and its derivatives as 

u i.~ + u 
Y~m~,= 7mnhij 2 Y~{r.,.k,(vlkl)+ 2F~k.,(ikljl)} 

kl 
(2.5a) 

IJ a H . a + 2  ~ U -. Y i m j n  = " ~ m n n i j  (r~~176 + 2r~k. , ( ik ] j l )~} .  
kl 

(2.52) 

There are the following relationships between the "ba re"  and "paren t"  quantities 
for the Lagrangian and Y matrices; 

Xim  = Z ~" C I C j X  i,,, (2.53) 
/aT 

r r~ v u~ (2.54) X jam = E " " I ' ~ J  ' ' "  i r a ,  
I J  

IJ ab 
x , ~  = E C, GX,m , (2.55) 

/J 

Y i m j n  : ~ �92 C~CsYimsn, (2.56) 
IJ 

a r~ ,'~ vU~ (2.57) 
IJ 

Using these definitions, the derivatives o f  the Hamil tonian matrix elements may 
be explicitly expressed as follows 

O H I j  
a I f a  X ~ u  (2.58) = H u + 2 ~ - - i ~ - - i ~  

Oa im 

0 2 H I J  ab ~ [ a b y I J  • H a  ~(IJb4_ l i b  y I J  a] 
= U l j  + 2  F, ( ~ , . , - -  , , . , -  ~ , r n - - , m  - -  ~ i r n - - i m  / 

Oa ob im 

Y imi~ 
im jn 

- - -  H u  + 2  ~ , ~ i ~  --ira-- ~ i . , - - i ~  + --im--im 
Oa Ob Oc ~r~ 

l[a yIJb~ 4_ lTb y1J~~ 4 . I [  c y U  ab) 

V f ( U  ~bU~ b~ ~ ~ l f l?~Y~1 .  
im jn 

+ U~,. Uj .  Y~r.j. + U ~  Uj~ Y~j~  + U~m Uj .  - - , ~ .  

(2.59) 
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a b c +8EEE(u,~u~.U~o+,~ ~ ,~ ~o t.J im t.J j n  t.~ ko  
im j n  ko  

+ U i ~  ~ b r u  ~ i ' l k l ) .  
I 
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(2.60) 

3. Derivatives of the molecular orbital coefficients 

Let us describe the properties of the U matrices defined in Eqs. (2.30)-(2.33) 
before making a reduction in the formulae of CI energy derivatives to the special 
case of SCF wavefunctions. Since the U matrices are related to the derivatives 
of the MO coefficients, they are closely connected to the condition from which 
the molecular orbitals are determined in the SCF procedure. The equations 
obtained from the differentiation of the SCF variational condition are called the 
coupled-perturbed Hartree-Fock (CPHF) equations [29, 30, 34] and solving them 
produces the derivatives of the MO coefficients. 

While one may use 0 C ~ / O a  instead of the U" matrix to derive the energy derivative 
expression [46], formulae based on the latter are much simpler to derive and it 
is easy to remove the redundancy due to the orthonormality condition of the 
MO's, i.e., 

S i j  ~ .  i j = C , C ~ . S ~ v = 6 , j  (3.1) 

where S~, is an AO overlap integral. 

A series of differentiations of Eq. (3.1) gives the self-dependency of the U matrices 
[29, 30, 34] and provides the following very useful expressions: 

U~+ Uj~+ S~ = O, (3.2) 

F i  b + U~ b + 5e~ b = 0, (3.3) 

U~ bc + U~ bc + b~ bc = 0, (3.4) 

U~ bed + -u~bcdj, --+ ~,sq~b~d = 0, (3.5) 

where the augmented S matrices, 6 ~, are defined by 

-v  ~ ( U ~  - (3.6) u ) . . U , , ~ -  a b S . ~ S j m  ~ b s~s,~), 
m 

~ p a b c  = ,qabc_~_ V N ab l ]  c ~t- ~ a b  ~]-c 4-  U ca [ f b  ca 

m 

+ u , ~  u ) ~  + l r  ~ rr ~ '-" j m  ~ im ,, 

- E  (sT~s;~ + s;~s~ + s~=s~ + s;=s~ + s~s;~ + s ~ s ~ )  
m 

_~ ~ a b c ( & , . S j . S m .  + r176 ,r ,r b c ~ b ~ 
rrln 

c a b c a b 
+ S ~ m S j . S ~ .  (3.7) 

~,JcCfb~a = s~b~e.. 

+ Z ( u;2u/m + u ; 2 u ~  + u72 u;~ + u;2" u;m + uf; ~ u ~  
m 
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a l [ b c d  T f a  ] 
+ -~tr ~,~ ub, m + u~L ~ u jm  + ~jm - , m ,  

m 

rrl 

. .}_,~bcd a -4- c b e d  a 

+ + + + + s ;sT ) 
m 

+ ~ ~b~. (3.8) 

The augmented Q matrices, ~, in Eq, (3.8) are given by 

7 : 2  ( + + S:r: + S]: + + 
m 

+ E 
mn 

+ ( S Z ~ -  ~ b ~ +(S~.-~ b~ ~ ~ S~S,.)~ S~mS~.) ~m.)(S~mS~ + O~.)(S~mS~.  + b 

~_ ( , ~ b d  bd  a c a c , _ . , .  - ~ m . ) ( S ~ S ~ .  + S ~ S ~ . )  

+ ( S ~  ~ ~ ~ ~ b - C. , . ) (S , ,~S; .  + S3mS,.)] (3.9) 
where 

( s ~ s ~  + s ~ s . ~ ) .  (3A0) 
k 

The transformed derivative overlap integrals appearing in these equations are 
defined by 

E c'.c  (3.12) 

ab i j 0 2 S i z v  
S~ = ~ C ~ C ~  (3.13) 

.,~ Oa 3b " 

s~.b~ ~ ~ 03 S ~  
v = ~ C . C ~  , (3.14) 

~ Oa Ob Oc 

s a b c d  i j 0 4 S t  xv  
0 E �9 (3.15) 

= ~  C ~ C "  oa obOcOd 

It should be noted that the matrices b ~ involve not only the transformed derivative 
overlap integrals but also the U matrices of lower orders. In the first order relation 

a 

(3.2), 5~ simply becomes Si;. 

4. Energy derivatives for MCSCF wavefunctions 

Given the general formulae for CI energy derivatives as reviewed in Sect. 2, we 
can easily perform the resolution to the case of SCF wavefunctions by introducing 
the additional variational condition used to determine the SCF wavefunctions. 
In this section, we discuss the MCSCF energy derivatives. 
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4.1. The electronic energy and the variational condition for the MCSCF 
wavefunction [2-24] 

The energy expression for MCSCF wavefunctions is formally the same as for 
CI, namely, 

EMC ~" E 'y/jh/j + E F,j ,(U I kt). (4.1) 
ij Okl 

One of the conditions used to determine the MCSCF wavefunction (2.1) is the 
variational condition for the configuration space; this has already been stated in 
Eq. (2.12). The other condition is the variational condition for the determination 
of optimum molecular orbitals. This condition may be represented as the sym- 
metric property of the Lagrangian matrix defined in Eq. (2.13), 

X~ - X; i  = O. (4.2) 

When this condition is satisfied, the derivative expression may greatly be sim- 
plified, as will be demonstrated below. 

4.2. First derivatives 

The energy gradient for the MCSCF wavefunction [35, 36] may be derived from 
Eq. (2.35) by reference to the relations (3.2) and (4.2), 

OE MC 
= F, yoh~ + }2 F~kt(ij[kl) a - ~. S,~Xim. (4.3) 

0 a ij ijkl im 

4.3. Second derivatives 

The second derivative of the MCSCF energy [37-42] may be obtained combining 
Eqs. (2.36) and (2.37), 

02E MC 
- ~,raX~m oaOb =E  Yoh~ b+ E rOk,(ij[kl) "b E ~b 

ij ijkl ira 

+ 2 Z (  ~ b o U,raX,m+ U~raX~m) +2 E E UimU~.Yimjn 
im im jn 

o G  o G  
- -2  ~lJ ~ a  ~-b (HIJ--~IJF~MC)" (4.4) 

Here, again Eqs. (3.3) and (4.2) were used to re-express the term involving U ab 
in terms of o wab. In order to evaluate the second derivative of the MCSCF 
wavefunction, one should determine the first derivatives of the molecular orbitals 
and CI coefficients by solving the coupled-perturbed multi-configuration Hartree- 
Fock (CPMCHF) equations [28, 38-46]. The CPMCHF equation may be derived 
by differentiating the variational conditions (2.12) and (4.2) for configuration 
space and molecular orbital space, respectively. 
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4.4. Third derivatives 

The third derivative of the MCSCF energy [46, 47] may be obtained from the 
CI third derivative expressions (2.38) and (2.39). For this purpose it is necessary 
to introduce the first derivative form of the variational condition (4.2), 

OX~ 0X~,= 0. (4.5) 
Oa Oa 

The derivative of the Lagrangian matrix in Eq. (4.5) may be expressed by using 
the definitions (2.40) and (2.48) as 

o G  . 
OX, moa = x[~l + Ek U~,Xk~ + 2 ~ C~ 0--a- X,m. (4.6) 

In Eqs. (2.38) and (2.39), those terms potentially including the second and third 
derivatives of the MO coefficients are 

2 E v i m  - - i m q - 2  E ( ~ i m - - i m  --  ~ , r n - - , r n  --  ~ i m - f i m ;  
im im 

+ 2 ~  C , ~j \ ~a o-b -~c o b O c O a O c ~a -~,l " (4.7) 

Combining Eqs. (3.7) and (2.59) with Eq. (4.7) the second and third derivatives 
of the MO coefficients may be eliminated. Most importantly the terms involving 
the second order U matrices are manipulated as follows, 

[~abF X[C] ~2 UkmXkiC .~ 
oCs H'I 

�9 - 2 ,o C I - ~ - c X i " J  (4.8) 2~v,~ L ,~ % 

ob [ O Xi,~ ~ 1 =2 ~ g ~ m | - - - Y  (Uk~Xkm+ U~mXm) (4.9) 
J �9 k oc k 

r ~ ] 
=-~'5eT~L oc k (U~Xkm+ U~mXk~) . (4.10) 

The definition (4.6) is used for the first equality from Eq. (4.8) to Eq. (4.9) and 
the relationships (3.3) and (4.5) are introduced for the second equality to get Eq. 
(4.10). 

Finally, the third derivative expression for the MCSCF energy is found to be 

0 3 E  M c  
- -  =- E y~h ~b~ + E r ok,(iJl kl) .b~ 
Oa Ob Oc o Okt 

r { cab  Cc .j_ c b c c a  ca b ~" X s a b c  --  2 ~ ", ~,O ik ~., mk --  O ik ,-, mk q- S ,k S mk ) --  1.., irn irn 
irn L k 

a b c b c a c a b ) ]  + 2 F. (SikSmlSm + SikS,mSkt + SikSmlSkt J kl 
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+ 2 2 ,  ( - ~ . , ~  ~,, rr~ x~b~ + ~,,,--,~llb X~ ~ + v,,,--,m,uf x'a b] 

im 

+ 2 ~  ,~ b ~ b ~ a ~ Y. ( U~,. Uj. Y~,.j. + U~,,, Uj. Y~,,,j. + U~,. Uj. yb,,,j.) 
im jn 

+8 ~. E E (UiamUbnUCko+ gbimU]CnU~o 
im jn ko 

+ g,% u;  uL) Z r~~ k0 
1 

+2  E - OCj[ub~ v c, o b c v U + 2  E ,--i,,,--i,~ - -  . . . . . . . .  xj C'; Oa I**IJ-(-"Jim""i'~ ( f ib  ~'IJe-'l-[[5 ~(I'Jb] 
L ~m im 

+ 2 2 2  ~ ~ " , ]  U,,. U}. Yi.,j 
im jn 

C OCj[ ~ ~ u H~ giJO+ it~ y u  h 
+ 2 2  r - ~ -  H i j - E ~ i m X i m + 2 2 ( ~ i m - - i m - - - i m . . i m  , 

IJ L, im im 

+222 u ,~u~ .  " ] r a Yimjn 
im jn 

_ e g g  ob +2  ~ o f - - | H I j - 2  .wab~fly +2  Z ( tZe g( jb+ fl b y(jo] ~im~= im --~m-- lrn -- ~lm-= lrn r 
IJ OC k im im 

Uim U}. Yi,.j. 
im jn 

OC I OCj  OHIj  ~ o E M C ' ~  2 ; [ 7 7 ( - - ~ - C - - r  ) '  O C ' O C j / O H I j  . 0EMC~ 
+ - l - - ~ 7 ~ - ~ a - - l ~ l j - - - ~ a  ) 

+ o G  oCj (OHu 0EMC\]  
O---c- Oa \ - ~ - - - 6 i j - - ~ ) J .  (4.11) 

4.5. Fourth derivatives 

The fourth derivative of  the MCSCF energy [47] may be derived from the 
corresponding expressions (2.42) and (2.43) for the CI  wavefunction. In these 
equations the terms that potentially include the third and fourth derivatives of  
the MO coefficients are 

[]abode,- [ ]-abc ]([ d ] + l f bcd ~ [ a ]  -I- [ ]-cda v~[ b ] 4- T [dab ~ [c] ] 
im im 

( O C j  03HI j  OCj  03HI j  } O C j  O3HIj OCj  03HI j  

+2 z c, ~ ~7a ag7~d ~ ab ac ad aa ac ad Oa a~ ~ ad a~7/" 
(4.12) 

Combining Eqs. (3.8) and (2.60) with Eq. (4.12) the third and fourth derivatives 
of  the MO coefficients may be removed in a similar manner  as for the third 
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derivative 
matrices are treated as 

i f  abe F x [ d ] _  ~f~ u d m X k i  dl - 2 Y, C OCj X ,  J ] 2 ~  . . . .  L m y ,, ' a d  'm/ 

~obc[ ,:Ed] aG ,~ t 
= -  ~ v,m k__im - ~  U~mXk, + 2 ~ Cz-~- X,mJ. (4.13) 

In deriving this relationship the symmetric property about the exchange of the 
indices i and m through Eq. (4.5) is utilized. 

A final expression for the MCSCF fourth energy derivative may be written 

04E MC 
- • y,jh~ boa + • r ok,((Jl k l )  abed 

a a  ab ac ad ~j ijkt 

I ,~abed I ~ a b c ~  d -1- ~ b c d  ~ a  .2- ~ c d a ~ b  A_ c d a b c  c 
- -  Z . - i rn  ~ i rn  - -  2 Z k"Jik  ~-~rnk-- O i k  O m k - -  O i k  " J m k "  ~'Yik ~Jrnkl 

irn" [ k 

- -  2 Y, { c ' a b r  "~- c a c c b d  ..t. C ad r  "~ 
\ ~ i k  ~Jrnk ~ ~Jik ~  ~ ~  ~  

k 

k Umk+ U~k Umk+ Uik ~',~kJ--~i,. J 

+2 ~ y~ ( uT~ u #  + uT~ u #  + uT# u~;) Y,~j~ 
im jn  

[ [ a b ~ [ c d ] _ . l _  ~-]-ac ~tr[bd] + l fad~I tr[bc]  ..[_ l f b .  c ~ r [ a d ]  "-I- l f b d ~  r[ac] 
- [ -2  E ( ~ i m - - i m  - -  ~ i r n ~ * i m  - -  ~ i m . - * i m  - -  ~ I r n ' ' t r n  - -  ~ i r a ' * i m  

im 

l I c d ~ r [ a b ] ]  
~ i r n ~ . i m  j 

+ 2  ~ ( I r a  ~(bcd  4_ l i b  y c d a  l [ c  ~ ( d a b 4 _  ~ ] d  y a b c )  

im 

�9 a b cd bd a d bc 
a e Y i m j n  Y imjn + + 2 ~ ( U i m U j , , Y , . , j , , + U , . r ,  Uj,, Ui~U'j,, 

im jn  

b c b d l i e  l i d  .~zab Y ~.,j. + U ~m Uj, ,  Y ~,.j. + ~ ~,. .-. j .  - -  ~,,9,- + Uim Uj,, ,,a ,,c 

U ko Z imjnko t.2 jn  ~ ko z.., imjnko ( Uim Utjn + Ubim r rc r r  d - i a  

im jn  ko 

c d a b UkoZ m~.ko U~. UkoZ mj.ko) + U~,,, Uj,, + U~,. a ~, 

..[_8 Z E E L (  a b c d a c U ~  U~.  Uko U~e + U ~  Uj. U~o U ~  
im jn  ko lp 

a b c + u,m u~. U~o U,)rm.o,(,jlkl) 

- -  ~ i m  ~ k ' - i m  --~k 

+ - ~ i ~  -Y~ 

Y. Osamura et al. 

case. Most importantly the terms involving the third derivative U 
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where 

03 H }j 

Oa Ob Oc 

(oc, o ~  ocj o3H;j + - -  
+ 2 ~ G ~ k oa Ob Oc Od ~ ob Oc Od Oa 

OG 03Hjj 

OCxOCj 02Hu ~ 02EMC~ 
"~-2~i j [ -~a  - - ~ ( O - - ' ~ - - O l j - ~ - ~ "  ] 

OG OGI/ o2HIJ . 02EMC'~ 

+ ob Oe \ ~ T d -  'J 7 a ~ :  

oc, oc,(o~H,j . o~e M~] 
"l- O b O d i O-O~c - O IJ "-~a -~c /I 

+oCIOCj.(o2HIj 02EMC\ ] 

oc Od \OaOb-~'J--~--~-)J 
(o c, o c, 

- 2  ~ \Oa ob Oc Od-F Oa Oc Ob Od 
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O C j  0 3 H l i j  

Oc od Oa Ob 

02G 02Cj) . 

(4.14) 

_ _  __ i..labc .q~abc.~lJ 
1~ [j ~ ~ im ~ ~ im 

im 

I ] ' a b x I J ~  t_ i [ b c ~ l J ~ 4 _  l fca  ~(1Jb i ra  ~(IJ b~ 
-~ 2 ~ ( - - i ra - - i ra  --  ~ i m - - i m  --  ~ i m - ~ i m  -~ - - i m - ~ i m  

im 

l f b  y I J  ~ U c X Isab] 
"~- ~ i m - *  im -~ im- * im / 

+ 2 ~. ab . . . .  E { ( U i m U d n  "JC u b i c U j n  -~ U i m  l i b  ~ V l J  ~" jn / ~ imjn 
im jn 

a b IJ c l [  b I] -c Y IJa "4- c a V I I  b 
-~ U i m U j n  U i m U ~ n  Yimjn + ~ im ~ jn ~ imjn --  ~ imjn J 

+ 8 E E E  ~ ~ ~ ~ ~ 
im jn ko 

c a b lJ .. 
"~- U i m  Ujn  U k o )  E Fm.o,(,jJkl). 

l 
(4.15) 

5. Energy derivatives for general RHF wavefunctions 

When the SCF condition (4.2) is satisfied, one may evaluate up to the (2n + 1)th 
energy derivatives by solving the nth order coupled perturbed Hartree-Fock 
equations, as we have shown in the previous section for the MCSCF wavefunction. 
This fact is known as the Wigner's 2n + 1 theorem [46, 48, 49]. Table 1 illustrates 
the derivatives of variational parameters necessary to calculate the derivatives of 
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Table 1. A classification of derivatives of variational parameters required to evaluate energy derivatives 
for CI, MCSCF and RHF wavefunctions. 

Energy E 

First 0 E 
derivative Oa 

Second 02E 

derivative Oa Ob 

Third O3 E 
derivative Oa ob Oc 

Fourth 04 E 

derivative Oa Ob Oc Od 

Fifth OS E 
derivative Oa Ob Oc Od Oe 

CI 

MO space 

c~ 

First-order 
CPHF U a 

Second-order 
CPHF U '~b 

Third-order 
CPHF U "be 

Fourth-order 
CPHF U '~b~a~ 

Fifth-order 
CPHF U abcae 

CI space 

C~ 

First-order 
CPCI 

0G 
Oa 

Second-order 
CPCI 

~2 G 
Oa Ob 

MCSCF 

MO/CI Coupled 
space 

ck, c, 

First-order 
CPMCHF 

Ua, ~ 
Oa 

Second-order 
CPMCHF 

uab  02C1 

Oa Ob 

RHF 

MO space 

c~ 

First-order 
CPHF 

U ~ 

Second-order 
CPHF 

Uab 

energy for  var ious  wavefunct ions .  The R H F  wavefunc t ion  desc r ibed  by  the 
one-conf igura t ion  S C F  m e t h o d  may  be t rea ted  as a specia l  case of  the  M C S C F  
wavefunct ion .  In  this  sec t ion  we presen t  the energy der ivat ive  express ions  for  
the  genera l  open-she l l  S C F  wavefunc t ion  by  re fo rmula t ing  the M C S C F  der ivat ive  

express ions .  

5.1. Electronic  energy and  variat ional  condit ion f o r  the general  open-shell  S C F  

wavefunc t ion  [50] 

The e lec t ronic  energy for  the genera l  open-she l l  S C F  wavefunc t ion  [51-53] is 

given by  

E RHv = 2 ~ f h u  + ~  {ai j( i i  [ j j)  +/3~(/j  [/j)}. (5.1) 
i ij 

This energy express ion  may  be ob ta ined  f rom the M C S C F  energy fo rmula  (4.1) 
by  impos ing  the fo l lowing re la t ions  on the one-  and  two-par t i c le  dens i ty  mat r ix  

e lements ,  

3'o = 2fi~f~ (5.2) 

and  
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By reference to the Lagrangian and generalized Lagrangian matrices [52, 53] for 
the general open-shell SCF wavefunction 

e o =fh~ + Y. {Ceik (~] [ kk) + fl ik(ik[jk)} (5.4) 
k 

and 

(~ = fh,j  +~  {atk( i j lkk)  + f l tk( ikl jk)}  , (5.5) 
k 

the following relationships with the Lagrangian and Y matrices for the MCSCF 
wavefunction are easily found, 

X,j = 2ej,, (5.6) 

and 

Yok, = 26j,~'Jik + 2s~0k,, (5.7) 

where we define the ~ matrix as 

~l akt = 2%t ( ~i l kl) + fljt{(ikljl) + ( il [ j k  ) }. (5.8) 

It is convenient to note that 

~',~ = ~'J, (5.9) 

and 

% = ~b" (5.10) 

Using the Lagrangian matrix defined in Eq. (5.4) the variational condition for 
the general RHF wavefunction is expressed as 

c 0 - ej~ = 0. (5.11) 

The energy derivative expressions for the general open-shell SCF wavefunction 
may be reformulated from the corresponding equations for the MCSCF wave func- 
tion by appropriately imposing conditions (5.2)-(5.11). All terms involving the 
CI coefficients and their derivatives should of course be dropped. 

5.2. First derivatives [35, 36] 

The energygradientisstraightforwardlyderivedfromEq.(4.3) usingthe condition 
(5.11) as 

0 E  RHF 

- 2 2fh~,  + 2  {au(ii Ijj) a + flo.(ijlij) a} - 2  2 S~e~. 
Oa i o ~J 

(5.12) 

5.3. Second derivatives 

A symmetric formula for the second derivative of the general RHF energy [52, 53] 
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may be easily obtained from Eq. (4.4) 

0 2 E  RHF 
ab_.[_ . . . .  ab.q_ 

Oa ob = 2 Zf~h", ~ flij(ij[ij)ab}--2 ~q ff'ijab eij 

+ 4 Z  , b b j Uvej,) + 4 ~ Y. U~ Uk~( 6j,~,k + ~l~k~) (5.13) ( Ui je j iA~_ b a 
ij q kl 

where 

a a.q_ e 0 =f~h~j • {OLik(~ [ kk)  ~ +[3,k(ik[jk)"}. (5.14) 
k 

The U" matrices in Eq. (5.13) may be obtained by solving the CPHF equations 
[28, 34, 52, 53] based on the general RHF method which may be derived from 
the relation (3.2) and the first derivative form of the variational condition, 

Oeij Oeji=O" (5.15) 
Oa Oa 

The first derivative of the Lagrangian matrix in Eq. (5.15) is given by 

0e/j a a i a q_ a 
- -  E i j q - ~  ( U k i K k j " } -  U k j e i k )  ~ U k l s ~ j i k l  (5.16) 

O a k ta 

and this equation corresponds to Eq. (4.6). 

The direct differentiation of Eq. (5.12) with respect to a nuclear coordinate "b "  
also gives a second derivative expression. The result, however, does not turn out 
to be symmetric about " a "  and "b"  as presented in Refs. [52] and [53]. One has 
to use the CPHF Eq. (5.15) in order to prove that both expressions are equivalent. 

5.4. Third derivatives 

The third derivative of general open-shell RHF energy [54] may be obtained 
from the MCSCF third derivative expression (4.11), 

0 3 E  RHF 

Oa Ob Oc 
= 2 E f h  ab~ +E {ag(ii I jj)~br + ]3o(/j I/j) ~r 

i i j  

[ ~ a b  ~ c  -1- c b c  c a ca b 

a b e b c a c a b ) ]  + 2 E (S,kSjzSu + S,kSj~Skt + S,kSj~Sk~ 
J kl 

+ 4 •  ( , r a  b . . . .  b . . . . . .  b', U i j E j i  -~ U i j E j i  "~- tJ  i j e j i  ) 
ij 

+ 4 Z Z ( U i k  b k" b c g~ t rcrrarkb  a a U ; k f f i j  ..~ U i k U t j k f f i j  "~ t ~ i k t J j k h i j  ] 
0 k 

a b c b e a c a b 
+ 4 ~ ~ ( U o U k l S ~ i j k l  ~- U i j  U k l , ~ i j k l  ~- U i j  U k l ~ i j k l  ) 

ij kl 

+ 4 E Y E (  ~ b c ~ u~.~ujmukt+ u~muj,.uu) Ui,.Ujr, Ukl+ b ~ a b 
ij kl m 

• [2c~m,(q [ kl) +/3m~{(ikljl) + (i l l jk)}J 
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r-gab[ c c "~-kl ] ~ 2 ~ ~ ~ 
.3 

- 2 ~ i j  eij LktUkigk,--Vkje,k) ~ U k ,  Myik, 

--~j ~ t3  L IJ"{-~k ( U k i C k j - - u b j E i k ) + ~  g b l ' ~ j i k l  

where 
e~ b = f h ~  b + ~ {a~k((jlkk) ~b + fi~k( ik Ijk) ~b} 

k 

r = f h ~  + Z {a,k( ij[kk) a + fl,k( ik [Jk) a} 
k 

M ~kt = 20tjl ( iJ [ kl) ~ + flit{ (ik [ jl) o + (il I jk )  ~ }. 
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(5.17) 

(5.18) 

(5.19) 

(5.20) 

+ y  
klm 

5.5. Fourth derivatives 

The fourth energy derivative expression for the general RHF wavefunction may 
be derived from the MCSCF fourth derivative formula (4.14) by using the 
correspondence equations in subsection 5.1 and following relationships 

X~7]=2e~/a] 2[eja+~ a j a ] = Ukj(,k + Z Uk,M,jk~ , (5.21) 
k kl 

x { a b ] = p ~ [ a b J , n [ a b •  a jb b ja b a 
( U k l ~ O k l  ~- - UkldOk3 

~_ ~, U k  ja Ulm[2Olj (,kllm) + fljm{(il[km) + (im Ikl)}] 
klm 

U;,,, U~[2aj,,,( il[ km ) + fljm{( ik l Zm ) + (ira [ kl)}] 

+ Y  ~ ~ "" ] Ukm Ut~[2a m (tj lkl)  + [32.,{(ikljl) + (ilJjk)}] 
klm 

x a b c ~  abc 
--  Z gj i  

(5.22) 

(5.23) 

(5.24) Y~bk, = 2tSjt~'~k b ab + 25gOkt, 

a r r b T r c 7 d 2 2 Z Y U~m ~j. ~ko'~,mj~ko 
im jn ko 

= 4 ~ , E ~ ( U i r  n b c b . . . .  u ~  uk, + u~, u'j~ u D  a U i  m U3 m _~_ V i  m 
ij kl m 

x [2a,m(ijlkl) d + flm,{(ikljl) d + (il[jk)d}], (5.25) 

8Y. ZY ,  Z ~ ~ ~ u ~ + u T ~  ~ v L u ~ +  ~ ~ b c .. ( U i m  U j n  U k o  U jn  U i m  U~n U k o  U l p ) F m n o p ( l J I k l )  
ira jn ko lp 

=4Y, Y ~ a b c Udn.j_ a c b d a c 
( u ~ u ~ u ~ .  u , ~ u ) ~ u ~ u , ~ +  u , ~ u J ~ u L u , o )  

ij kl mn 
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x [ 2 a , . . ( O l k l ) +  [3 . , . { ( ik l j l )+( i l [ jk ) } ] ,  

whe r e  

~b . . . .  b~ _ ~ {a,k(~jl kk)"br + fl,~(ik[jk)abc}, e 0 =y~n~ •  
k 

~,~ -Jt,,~j Z.,{a,k(i j lkk)~+fl tk(ikl jk)ab},  
k 

(5.26) 

( 5 . 2 7 )  

(5.28)  

ab __ ~d Ok, - 2a;,( iy l kl) ab + fljt{ ( ik [ j l )  ab + ( il l jk  )"b}. (5.29) 

The  f inal  e x p r e s s i o n  o f  the  fourth  der ivat ive  o f  the  genera l  R H F  energy  m a y  be 
g i v e n  as fo l lows:  

04E RHF 
= 2 2 f ih  abcd + 2  {aq( i i l j j )  abcd + [3ij(ijlij) abca } 

Oa ab Oc Od ~ ~ 

[ s~jbcd a b c d  ..j_ r  c a  ..l_ r  c b  ~. c d a b  e c  
~ 2 ~ E• 

0 L k 

- 2 2  (SrbSyd + s;dsbd + s ; d s ~ )  
k 

+ 2 2  
k 

+ 4 2  
q 

+ 4 2  
~j 

+ 4 2  
/j 

-'1 

l I ab 1T cd 1 T ac I- T bd ad abcd 

( i - l a b l l C d _ L  i T a c T T b d  L a d l l b c ~ g k  
2 \ t J i k  t 'Cjk ~ I J i k  t J j k  ~ U i k  t " j k Y 6 i j  
k 

y~ ( u ~ b  cd ~ ~ac , rbd ~_ ad bc 
U k l  + td ~i t~ kl ~ U i j  U k l ) ~ i j k l  

kl 

[ [ a b  _[cd] i T a c _ [ b d ]  • l T a d  _[be] L ~ fbc  ~[ad] 
( v i j  ~j i  q- ~ i j  ~j i  T v i i  ~j i  7-  v i j  e'ji 

+ [ f b d  _[ac] r rcd [ab]'~ 
~ i j  I~ji 21- U i j  Eji ) 

T rb cda r rc dab - -  r rd abcx +42(U'Ta0ej~bcd+Uoeji + u ~ e j ~  - r u ~ e j i  ) 
/j 

[ r r a t r b g kcd U a 1T c kbd �9 T a I [d g k  bc 
q - 4 ~ , Y ,  k t . J i k ~ j k 6 q  + i k V j k ~ i j  q - t - J i k t J j k S q  

~j k 

l T b  TTc y k  ad b d k ac I T c  TTd gkab'~ 
-~ V ik~..CjkSi j "~ U i k U j k ( i  j -~- ~J i k~ .J jkS i j  ] 

a 1T b M c d  ..L_ a l- r c ~d bd -L I l "a T T d ,-d bc + 4  Y, Y~ ( U a ~kl~* Ukz-- U0 ~kl~ 0kt-- ~0  ~k~* ~kt 
ij kl 

1T b I T c r/l ad -1- t T b I T d e~ ac -1- c 1T d e-d ab xl 
"~ t.., ij tJ kl,Y4~ ijkl ~ L~ ij ~ kl,Y4, ijkl ~ U ij ~ kl,-'~ ijkl ) 

+ 4  y. y~ 2 ( a b r b . . . .  U ~  U;~ Ukt+ Ui~ Uj~ Ukl+ U~m Uj~ Ub3 
ij kl m 

x [2a~t( i j lkl)  d + flm,{(ik[jl) d + ( i l l jk)d}]  

+ 4 E E 2 ( u b m  c d c a b b Uj~ Ukt+ U~,. Ujm Ukt+ U~m Ujm Uk~) 
ij kl m 

x [2ot~,(/j I kl)" +/3m~{(ikljl) ~ + (il]jk)a}] 

+ 4 E Z E ( U T m U y m U ~ , +  " . . . .  Uim U3m U k l  "~ Uim Ujm U d l )  
ij kl m 
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X [2 o~,,1 (/j] kl) b + fi,~{(ikljl) b + ( i l l jk)  b}] 

d a b..~ a + 4 E E E ( U i m U j m U ~ ,  Uimubmudt+ Uimb U)tnd Ukt)a 
ij k l  m 

x [2 ~,m (/J] kl) r + flml{(ik[jl) ~ + (il[jk)~}] 
a b c d a c + 4 ~  ~ (U~mU}~Uk~U1.+ U~mU}~ub~ud~ 

ij kl  mn  

+ uL uJ~ uL u,~) 

x [2o~m, (/j ] k l )+f im,{ ( ik[ j l )+  (il[jk)}] 

- -  ( U k i ~ k j - -  U k j E i k )  ~ ,  U k l ~ f i k l  
"" k kl  

- 2  - o  e~ ( Uk,(kj-- Ukjeik) + Z Ukts~j,k, 
"" kl  

- v~s ( UkXkj - 

- 2 ~ o - 0  Leo-,-@(u~iff~j-u;se,k)+~ U C k l g ~ j i k , _  . ( 5 . 3 0 )  

Some obvious simplifications in Eqs. (5.17) and (5.30) may be made by incorporat- 
ing the modified Lagrangian matrix _ca1 e~j as follows: 

de I YUkse,~ ~ o + Y  a , o - -  a = a ( U k i f f k j _ _  U ~ j ~ i k ) . ~ _  E U k l ~ j i k l  
k k kj  

= Oe---2- 2 X W~j e,k. (5.31) 
Oa k 

6. Energy derivatives for closed-shell SCF wavefunctions 

In this section we demonstrate the effectiveness of the correspondence manipula- 
tion for the derivative expressions for the simplest and most frequently used case, 
the closed-shell SCF wavefunction. Since the closed-shell SCF method may be 
treated as a special case of the general open-shell SCF wavefunction, the closed- 
shell energy and its derivative expressions may be obtained from the formalism 
described in the previous section by setting the coupling constants f a, and fl 
to the following values; 

10 for i = d o u b l y  occupied (6.1) 
f~ = for i = vacant 

aij = {~ for i, j = doubly o c c u p i e d o t h e r w i s e  (6.2) 

{ - ~  for i , j = d o u b l y  occupied (6.3) 
fi~ = otherwise. 
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6.1. Electronic energy and variational condition for closed-shell SCF wavefunctions 
[55] 

The electronic energy for the closed-shell SCF wavefunction is expressed as 

d .o .  d .o .  

Eel=2 ~ h,+ ~ {2(iiljj)-(Ulij)}, (614) 
i ij 

where d.o. designates doubly occupied orbitals. The Lagrangian matrix (5.4) for 
the general open-shell RHF wavefunction is related to the Fock matrix for the 
closed-shell SCF wavefunction, 

~ Fj~ for i = d o u b l y  occupied 
e U = (6.5) 

tO otherwise, 

where 

d .o ,  

Fo ~- F~ = hu+ L {2(ij[kk) -(ik[jk)}. (6.6) 
k 

The variational condition for the closed-shell SCF wavefunction becomes 

F~ = 0 for i = doubly occupied, j = virtual. (6.7) 

Since the SCF energy is invariant under a unitary transformation within the 
occupied space, one normally uses the diagonality of the Fock matrix to define 
the canonical HF molecular orbitals. In order to maintain generality, we derive 
the energy derivatives for the closed-shell SCF energy without introducing the 
diagonality condition of the Fock matrix. If the canonical MO's are retained one 
may easily obtain these expressions by using the orbital energies instead of the 
Fock matrix elements, as we will discuss later. 

6.2. Correspondence between closed-shell SCF and MCSCF wavefunctions 

An alternative way to derive the dosed-shell SCF energy derivatives is to exploit 
the MCSCF formalism described in Sect. 4 by neglecting the terms involving the 
derivatives of CI coefficients. Since the density matrices have non-vanishing 
values only for the occupied space, one can use this specificity to limit summations 
in the closed-shell energy derivative expressions. The correspondence for density 
matrices is given as 

y~ = 26~j 

and 

(6.8) 

r ~k, = 2a~sk,  - ~(a,~a;,  + a, ,ajk) (6.9) 

for i, j, k, l = doubly occupied. 

The additional necessary relationships to derive the energy derivatives for the 
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closed-shell  SCF wavefunc t ion  f rom the M C S C F  formal i sm are as follows: 

Xim = 2Fire for  m = doubly-occupied ,  i = all, (6.10) 

Y~mj,,=23m,,F~j+2A~,,W, for  m, n = d o u b l y - o c c u p i e d ,  i , j = a l l  (6.11) 

Z imj~ko = 28m~Aoko + 28moAikj~ + 28~oAimjk 

for  m, n, o = doubly-occupied ,  i, j, k = all, (6.12) 

2 Z 2 2 Uam Ubn UCkoZimjnko 
im jn ko 

al l  d .o .  
Y V  a b . . . . .  b 

~- ~..., ~..~ ( Uirn U)m U k n  -~- U L  U)m U k n  "J- U i m  U~m U k ,  lA~ jk , ,  
ijk mn 

(6.13) 

and  

a b c d a c b d " u J . u L u , ) r m . o ~ ( , j l k O  8 E ~ , Z ~ , ( U i m U j n U k o U l p q _ U i m U j n U k o U l p . ~ U i  m c .. 
im jn ko lp 

a l l  d .o .  
4 Z  E ( U i m  b c a o c = a U ~ m U k n U l n +  U i r n U ~ m U b n U d n  

ijkl rnn 

a d c + Uim U~m ubn Uln)Aijkl, (6.14) 

where  the A matr ix  [29, 56] is defined by 

Avk, = 4(/j ] k/) - ( ik [jl) - ( il [ jk  ). (6.15) 

It should be noted  that  the SCF  condi t ion (6.7) for  the closed-shell  wavefunc t ion  
is included in the var ia t ional  condit ion for  the M C S C F  wavefunct ion.  

X~,~ - X,,~ = 0 for  m = doubly-occupied ,  i = virtual. (6.16) 

6.3. Energy derivatives for closed-shell SCF wavefunctions 

Using cor respondence  equat ions defined in the preceding  subsections,  the first 
derivative of  the closed-shell  SCF energy [57-62] is re formula ted  f rom Eqs. (5.12) 
or (4.3), 

OE cf d.o. d.o. d.o. 
- - = 2  ~ hi]+ ~ {2(iiljj)a--(ijlij)a}--2 ~.. S~F~j. (6.17) 
Oa i q q 

The second derivative [56, 63] expressions (5.13) or (4.4) m a y  be reduced  to 

0 2 E  cl d .o .  d .o .  d .o .  

Oa Ob = 2  2~ h~ b+ Z0 {2(iiljj)ab--(ijlij)"b}--2 Z~ 5%abF~j 

all  d .o .  a l l  d .o .  
+ 4 Y Y ~  a b (U~jFo+ U b F ~ ) + 4 Z  Fij Y~ Uika U }  kb 

i j ij k 
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all d.o. all d.o. 
+ 4 2  X ~ 2 . b (6.18) U o Uk~Aok~, 

i j k 1 

where 

d.o. 
F~ = h i +  2 {2(/jlkk) ~ - ( i k l j k ) " }  �9 (6.19) 

k 

Similarly, the third derivative [46, 64-68] expressions (5.17) or (4.11) become 
03Eel d.o. d.o. 

2 2 h~ b~+ 2 {2( i i l j j )ab~-( i j l i j )  ~b~} 
Oa ob ac i o 

all 
d.o. 122 abc ab c 

.. "-~ ik ~  ~ ~  ~  

~" )] 
+2 Y (SgkS}~Skt+S~k iSkt+Sgk 1Ski 

kl ..I 

all d.o. 
+ 4 2  2 a be [[b.Fca4.1]cFab] ( UoF~J + ~,J--,J - --o--e , 

i j 
all all d.o. 

+4Y',2 Y~ a b ~ , r b r r * ~  c o b ( U~k UjkFe + ~ik "~ik--ij + U~k UikF o) 
j k 

all d.o. all d.o. 
U o UklA~kl + Uk~A~m) ( U~j U k ~ A ~  + U~j 

i j k l 
all d.o. all atl d.o. a c b c a + 4 2  2 2 2  ~ (UeUbmU, , .  + U ' iUk , .U ' . '+  U o U ~ " U f " ) A o k '  

i j k 1 m 

__ 2 ~l d f  "P  abt/OF"'(I 2 all~ c ) ~be[f)FiJ__ 2 ~  1 U ~ f F k j  ) 

_]._~ac'[Ofi j all s b i f k j ~ ]  (6 .20)  o g-2[ / J  
where 

d,o. 
F~ b = h~ ~ + ~ {2(/jl kk) "6 - ( ikl jk)ab},  

k 

A ~jkt - -  4(/j[ kl) ~ - ( ik l j l )"  - ( il l j k  )~, 
all all all d.o 

0 F u = F ~ + 2  U'~,Fkj+E U~,jF~k+2 E U'~,aokt" 
Oa k k k I 

Finally, the fourth derivative Eq. (5.30) or (4.14) may be reduced to 
a 4 E  cl d.o. d.o. 

2 2 h~ boa+ 2 [2(ii]jj)abcd--(ijlij) ~ 
aa ob Oc od ~ o 

d.o. [ all [ '~abc c d  .A- ~ b c d  ~ a ccda  c b  ~_ ~ d a b  ~ c  "~ 
- 2 ~ F,i k S q b c d  - -  2 ~ , O i k  O j k "  o i k  O jk  + O ik  O j k -  O i k  ~  

alI 
'V' ( ~ a b c c d  -1- , ~ a c ~ b d  2- ~ a d  c b c ~  2 Z. \ ~  ~  ~ O i k ~  t O i k  O j k ]  
k 

all~ 1 2 ~ ab ca ac bd T rad t rbc~ abcd 
( S ik U j k  + g ik g j k  + ~J ik LJ j k  l + ~(~ ij + 

k 

(6,21) 

(6.22) 

(6.23) 
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all d.o. 
( 1- T ab l T ed J-  T T ac 1 [ bd ~- + 4 2  • t~ik  ' - ' jk -  ~--'ik ~ j k "  U7 d bc Uk~)Fo 

ij k 

all d.o. all d.o. 
( l [ab T Tcd..k. f [ac ]- [bd a_ T [ad l Tbc ' lA  + 4 2  2 E E , . ~ j  ~ k l -  ~ ~ k , -  ~is ~ k , J ~ k l  

i j k l 

all d.o. 
+ 4 ~  5"~ , ~ (  I - f a b l  Z'[cd]_ij _-4- ~ijl]acl~[bd]--is __-4" ~ f ~ d l ~ ! b c ]  dr I-]bcl2? [ad] ~ v  --u ~ij --is 

i j 

-[- l fb.d F[.ac] 4-  l f ed  F [ a b  ]] 

all d.o .  
( t ] a F b ,  cd 4- l ] b . F e ~  ta 4- T f c . . F  dab + 1 - f d F  abc] + 4  Y Y 

i j 
all d.o. 

+4~  ~ o b cd a l T c l g ,  b d l _ T r a t l - d K g b c j _ y r b l [ c ~ : g a d  ( U i k U j k f  is + U i k t J j k - - i j  - -  t-J ik~-,, 'jk--is - -  t-' i kL .~ jk - - i j  
ij k 

Ubt, rrd ~ac + lfC rrd ~ab~ + t -~ jk l  ij - - i k t . . ' j k -~  ij ] 

all d.o. 
I I  a T T b A  cd ..1- a T F c A b d  -1- r r  a g r d A  bc .a- IT  b I F c A  ad 

~ - 4  2 ~ (*" ' i k  t'J fi'c~-ikjl-- S i k  V j lZ~- i k j l - -  t--' ik t J j l r X i k f i - -  tJ ik t.Jjl.c"Xikjl 
ij kl 

i r  b t r d A  ac _L I r c T r d A  ab + I.J ik t.J jl,raikjl ~ tJ ik t~ jl-,-Xikjl] 

all d.o. 
+4~ 2 ~ b . . . . .  b d [( Ci~ U)~ Uk, + ubi,. U),. Uk, + U,m U~,,, Uk,)A~jkt 

ijk lm 

b c c 
+ ( U , r . U ~ m U D + U , m U y m  ~ ~ ~ ~ a Ukl + Uim Ujm Um)Aokl 

c d a d a c a c d b + ( U . .  U~m Uk, + U,~ U'j~ Uk, + U,m U~m Uk,)Auk, 
d a b a + ( U ~ m U } , . U ~ + U ~ m U b , .  ~ b d ~ Ukl+ U~., Uj,. Ukl)Aokl] 

all d .o .  

+ 4  2 Z (Uim b c d ~ ~ u ~ u ~ . u , ~  U , ~ U ) m U D U ~ .  
ijkl mn 

a ~ d b c 

"~ U i m  g ~ m  g k n  g l n ) A i j k l  

all d.o. F ~ p a b c / O F i j  

- 2 z. iS t~ - -2~k  U~iFkJ) +~<d(OFis-2~'~ \Oa k U~iFks) 
u t - - ~ - - 2 ~ u b i F k j )  

dab v ij c 
+ 9~q 1 - - -  2 ~ UkiFkj (6.24) 

\ O r  k 

where 
d.o. 

Fabc = abc ,j ho + ~ {2(ijlkk)abc-(ik]jk)abc} 
k 

A ~b = 4(/j] kl)ab _ ( ik l j l )  oh _ (illjk)ab 

all all d.o, 

F ~ a ~ = F ~  ~ + E (  ~ ~ u ~ j P 7 ~ ) + E E  ~ ~ " UkjFik + ( Uk,nok, q- U~,A~kz) - -U 
k k 1 

all d.o .  
+ Z  2 a b a b a b 

( U k j  U I m A i k l m  + U k m  U l j A i l k m  -t- U k m  U1mAokl). 
kl m 

(6.25) 

(6.26) 

(6.27) 
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6.4. Energy derivative expressions using orbital energies 

When the SCF MO's are determined so that the Fock matrix is diagonal, the 
SCF condition is given by 

F~ = 6ue, , (6.28) 

where the quantity e having a single suffix is specifically called an orbital energy. 
The Eq. (6.28) is one of the expressions for the variational condition for the 
closed-shell SCF wavefunction. It should be noted that Eq. (6.28) defines orbital 
energies for virtual orbitals as well as for doubly occupied orbitals. 

If  we use the condition (6.28), the formulae for the energy derivatives become a 
bit simpler. Since the double sum over the terms involving the overlap derivatives 
may be replaced to a single sum, the first derivative (6.17) becomes 

0~7 cl d.o. d.o. d.o. 

=2  2 h'~+ 2 {2(iiljj)a--(ij]ij)a} - 2  ~. Sae~ �9 (6.29) 
Oa i V i 

Similarly, the second derivative (6.18) may be written as 

0 2 E  cl d.o. d.o. d.o. 

- 2  E h~ b+ Z {2(iilj j)~b-(iJlid)~b}-2 Y ~ b e ,  
Oa oh i ij i 

all d.o. all d,o. 

+4 2 e~ Y, U'/kU~k+42 2 ( " b b a U~F~+ UoFu) 
i k i j 

all d.o. all d.o. 
+4Y~ Y'. ~ Y~ ,~ b U ij U kl A~kl . (6.30) 

i j k l 

Equation (6.30) is given in a symmetric form to aid in the evaluation of the 
analytic second derivatives of the closed-shell SCF energy. It should be realized 
that there are difficulties in deriving a symmetric expression by directly taking 
the derivative of Eq. (6.29). If we explicitly used the fact that the Lagrangian 
matrix is diagonal during the differentiation, one must remember that there are 
hidden terms involving the off-diagonal elements of the Fock matrix. In this 
respect, one must keep all the elements of the Fock matrix and use the condition 
for the closed-shell SCF wavefunction in the very last stage to get a final symmetric 
expression. In this derivation, therefore, we keep all elements of the derivative 
of the Fock matrix, although the following relation holds 

3F 0 0ei 
aa - ~i/~-a" (6.31) 

By the same token one should note that Eqs. (6.18) and (6.20) avoid the singularity 
problem [69] in the evaluation of derivatives of the closed-shell SCF energy even 
when the system has degenerate orbitals in the occupied space. This singularity 
problem does not appear if one uses the general open-shell formalism described 
in Sect. 5, since the diagonality of the Lagrangian and derivative Lagrangian 
matrices is never utilized. 
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The last term involving the derivatives of the Fock matrix elements in Eqs. (6.20) 
and (6,24) may be reexpressed by using the conditions (6.28) and (6.31) in the 
diagonal form, 

all d.o. /OF 2aU ) d.o. Oei+ 4 ~l d.o. 
-2 2 X 5~b{ ~'~ ~-  ~k U~,Fkj = - 2  X b~ b ~. ~bUj~e;. (6.32) 

j \ Oc i Oc ~ j 

Using the reduction (6.32), the third derivative for closed-shell SCF wavefunction 
(6.20) becomes 

03E cl d.o. d.o. 
=2 Y, habC+ ~, {2(ii l j j)"bc-(ij[ij)  abe} 

Oa Ob Oc ~ o 

d.o. [ all k~ be a ~ c a ~ b  "~ 
- 2 ~ e i  Sial bc - 2 Y ~'lik "~- S i k  S i k  "{- ~-~ik ~  

t. i k 

I a b c b c a c a b ] 
+2 (SikS.Skl+ SikS,lSkz+ S~kS.Skt) 

3 kl 

+4 

+4 

+4 

+4 

- 2  

all d.o. 

E 2 (  
i j  

u a l ~ b c _ . ~  ub i j  Fci ja. .  ~ l [ c  l~ab~  
v ~ J  - -  v i j ~ i j  j 

all all d.o. 

2 2 E  
j k 

a b c b c a c a 
U~k Ujk F U + U ik Ujk F ij + U ,k U~k Fb ) 

all d.o. all d.o. 
2 2 2 2 (  a b c b . . . .  b Uq Ukt Aokl + U o Uk~A~jkl + U o UkiAok~) 
i j k l 

all d.o. aIl all d.o. 

2 2 2 2 2 (  ~ b ~ ~ . . . .  U o Uk,~ U~m + U o Uk~ U ~  + U~ Uk~ Ubm)A~kt 
i j k I m 

\ " Oc " ~a +5% Ob/ 

d.o. all 

+4 Z e~ Z ( ,~b c +.ccbcHs+.cC~flT~,.- ~ (6.33) O~ U 0 _,j v ,~__v  --v,, 
i j 

where 

OE i all d.o. 

- sT-Si~,si+Y~ ~, u~a ,k t .  (6.34) 
Oa k t 

d.o. 

e7 = hi3+ 2 {2(ii1 kk)" - ( i k]  ik)"}. 
k 

The fourth derivative expression may be reduced in a similar manner. 

(6.35) 

7. Conclusions 

In this paper we have set out in systematic and explicit detail the relationships 
between the general expressions for configuration interaction (C1) energy deriva- 
tives and those necessarily simpler expressions for self-consistent2field (SCF) and 
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mult i-configuration (MC) SCF energy derivatives. The correspondences  obtained 
provide insight into the general structure of  the energy derivative formalism. 

The present CI  energy derivative expressions do not  yet take advantage o f  the 
efficiencies arising f rom the Z-vector  me thod  of  Handy  and Schaefer [70]. The 
Z-vec tor  method,  o f  course,  has been a critical ingredient in the development  of  

the most  efficient computa t ional  implementat ions to date for CI  energy first and 
second derivatives [31, 33]. The most  efficient CI  third and fourth derivative 
methods  will also use the Z-vec tor  approach,  unless some new insight is dis- 
covered pr ior  to the first computa t ional  implementat ion.  Nevertheless, the use 
in the present formal paper  o f  the nth order  C P H F  equations for the nth CI  
energy derivative expressions simplifies the necessary mathematical  manipula-  
tions. Furthermore,  the present  formalism provides  the fundamenta l  starting point  
for derivations incorporat ing the Z-vec tor  approach.  

It should be emphasized that  analytic first and second derivative methods  for 
CI,  MCSCF,  general open-shell  and closed-shell SCF wavefunct ions have already 
been implemented and are proving to be o f  great value in the study of  molecular  
systems of  chemical interest [71-75]. Al though there exist formal expressions in 
operator  form for third and fourth energy derivatives for correlated wavefunct ions  
[76-79],  and Har t ree-Fock wavefunct ions [80], the equations presented here are 
more  explicit, and perhaps  more useful for practical implementat ions.  
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